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QUESTION 1. (3 marks)

Prove that the function

f(x) =

{
x2 sin

(
1
x

)
, x ̸= 0,

0, x = 0

is continuous at x = 0.

[Answer:] To prove continuity at x = 0, we check whether

lim
x→0

f(x) = f(0).

We have
f(0) = 0.

For x ̸= 0, since | sin(1/x)| ≤ 1,

|f(x)| =
∣∣∣∣x2 sin

(
1

x

)∣∣∣∣ ≤ x2.

Therefore, by the Squeeze Theorem, as x → 0,

−x2 ≤ f(x) ≤ x2 =⇒ lim
x→0

f(x) = 0.

Since
lim
x→0

f(x) = f(0) = 0,

the function f is continuous at x = 0.
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QUESTION 2. (6 marks)

(a) Evaluate the limits:

lim
x→3

x2 − 9

x− 3
, lim

x→0
x2 e−

1
x2 .

(b) Compute the one-sided limits:

lim
x→2−

|x− 2|
x− 2

, lim
x→2+

|x− 2|
x− 2

.

What can you conclude about lim
x→2

|x−2|
x−2

?

(c) Find the vertical asymptote(s) of:

f(x) =
2x

x2 − 1
.

[Answer:]

(a)

lim
x→3

x2 − 9

x− 3
= lim

x→3

(x− 3)(x+ 3)

x− 3
= lim

x→3
(x+ 3) = 6.

For limx→0 x
2 e−

1
x2 , since 0 ≤ e−1/x2 ≤ 1 for all x ̸= 0, we have

0 ≤ x2e−1/x2 ≤ x2.

By the Squeeze Theorem, limx→0 x
2e−1/x2

= 0.

(b) - For x → 2−, x− 2 < 0 =⇒ |x− 2| = −(x− 2), so

|x− 2|
x− 2

=
−(x− 2)

x− 2
= −1 =⇒ lim

x→2−

|x− 2|
x− 2

= −1.

- For x → 2+, x− 2 > 0 =⇒ |x− 2| = x− 2, so

|x− 2|
x− 2

=
x− 2

x− 2
= 1 =⇒ lim

x→2+

|x− 2|
x− 2

= 1.

Since the left-hand and right-hand limits are not equal, the two-sided limit does
not exist:

lim
x→2

|x− 2|
x− 2

does not exist.

(c) Vertical asymptotes occur where the denominator is zero but the numerator is
nonzero:

x2 − 1 = 0 =⇒ x = ±1.

Check the numerator: 2x ̸= 0 at x = ±1. Thus, the vertical asymptotes are

x = 1 and x = −1.
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QUESTION 3. (4 marks)

(a) Show that x3 + x− 1 = 0 has at least one real root in the interval (0, 1).

(b) Show that the equation ex = 3x has a solution in the interval [0, 2].

[Answer:] (a) Define f(x) = x3 + x − 1. The function f(x) is a polynomial, and
therefore continuous on [0, 1]. Evaluate f at the endpoints:

f(0) = 03 + 0− 1 = −1,

f(1) = 13 + 1− 1 = 1.

Since f(0) = −1 < 0 and f(1) = 1 > 0, and f is continuous on [0, 1], the Intermediate
Value Theorem guarantees that there exists some c ∈ (0, 1) such that

f(c) = 0.

Therefore, the equation x3 + x− 1 = 0 has at least one real root in the interval (0, 1).
(b) Define

f(x) = ex − 3x.

The function f(x) is continuous on [0, 2] because both ex and 3x are continuous func-
tions. Evaluate f at the endpoints:

f(0) = e0 − 3 · 0 = 1− 0 = 1 > 0,

f(2) = e2 − 3 · 2 ≈ 7.389− 6 = 1.389 > 0.

Since f(0) and f(2) are both positive, we need to check inside the interval for a sign
change. Evaluate at x = 1:

f(1) = e1 − 3 · 1 ≈ 2.718− 3 = −0.282 < 0.

Observe that f(0) > 0 and f(1) < 0. By the Intermediate Value Theorem, because f
is continuous on [0, 1], there exists some c ∈ (0, 1) such that

f(c) = 0 =⇒ ec = 3c.

Therefore, the equation ex = 3x has at least one solution in the interval [0, 2]. If the
closed interval [1, 2] is considered, you can find another solution in the interval [1, 2]
for the equation.
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QUESTION 4. (4 marks)

Determine whether the piecewise function

f(x) =

{
x+ 1, x < 1,

3− x, x ≥ 1

is continuous at x = 1.

[Answer:] Check the left-hand limit:

lim
x→1−

f(x) = lim
x→1−

(x+ 1) = 1 + 1 = 2.

Check the right-hand limit:

lim
x→1+

f(x) = lim
x→1+

(3− x) = 3− 1 = 2.

Compute the function value:
f(1) = 3− 1 = 2.

Since
lim
x→1−

f(x) = lim
x→1+

f(x) = f(1) = 2,

the function is continuous at x = 1.
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QUESTION 5. (3 marks)

(a) Show that the absolute value function F (x) = |x| is continuous everywhere.
(b) Prove that if f is a continuous function on an interval, then so is |f |.
(c) Is the converse true? That is, if |f | is continuous, does it follow that f is continuous?
If so, prove it. If not, find a counterexample.

[Answer:]

(a) The absolute value function is defined by

|x| =

{
x, x ≥ 0,

−x, x < 0.

Both x and −x are continuous functions, and at x = 0:

lim
x→0−

|x| = lim
x→0−

(−x) = 0, lim
x→0+

|x| = lim
x→0+

x = 0, |0| = 0.

Hence, |x| is continuous at x = 0, and being continuous elsewhere, it is continuous
everywhere.

(b) Since both the absolute value function and f are continuous functions, |f(x)| is a
continuous function of a continuous function. So, it is continuous.

Alternatively, let f be continuous at a point x0. Then

lim
x→x0

f(x) = f(x0).

Since the absolute value function is continuous everywhere (from part (a)), we have

lim
x→x0

|f(x)| = | lim
x→x0

f(x)| = |f(x0)|.

Hence, |f | is continuous at x0. Since x0 is arbitrary, |f | is continuous on the
interval.

(c) The converse is not necessarily true. Counterexample: Define

f(x) =

{
1, x ≥ 0,

−1, x < 0.

Then |f(x)| = 1 for all x, which is continuous. However, f(x) has a jump discon-
tinuity at x = 0.

Hence, continuity of |f | does not guarantee continuity of f .
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QUESTION 6 (Optional). (1 bonus mark)

Let lim
x→a

f(x) = L and L ̸= 0. Use the ϵ-δ definition to prove that

lim
x→a

1

f(x)
=

1

L
.

[Answer:] Let ε > 0 be given. We want to find δ > 0 such that

0 < |x− a| < δ =⇒
∣∣∣∣ 1

f(x)
− 1

L

∣∣∣∣ < ε.

Observe that ∣∣∣∣ 1

f(x)
− 1

L

∣∣∣∣ = ∣∣∣∣L− f(x)

f(x)L

∣∣∣∣ = |f(x)− L|
|f(x)| |L|

.

Since L ̸= 0, choose δ1 > 0 such that

0 < |x− a| < δ1 =⇒ |f(x)− L| < |L|
2
.

Then

|f(x)| = |f(x)− L+ L| ≥ |L| − |f(x)− L| > |L| − |L|
2

=
|L|
2
.

Therefore, ∣∣∣∣ 1

f(x)
− 1

L

∣∣∣∣ < 2

|L|2
|f(x)− L|.

To ensure
∣∣∣ 1
f(x)

− 1
L

∣∣∣ < ε, it suffices to have

|f(x)− L| < |L|2

2
ε.

Since limx→a f(x) = L, there exists δ2 > 0 such that

0 < |x− a| < δ2 =⇒ |f(x)− L| < |L|2

2
ε.

Finally, let
δ = min{δ1, δ2}.

Then for 0 < |x− a| < δ, we have∣∣∣∣ 1

f(x)
− 1

L

∣∣∣∣ < ε.

This completes the proof.

7


